The implicit-function method of constructing phase-factor continuum ambiguities in phase-shift analysis is briefly reviewed, and new numerical examples are given of ambiguities in nN phase shifts at 1997 MeV. Since the ambiguous amplitudes differ by more than 5%, while the corresponding cross sections and polarizations are equal, to better than a computational accuracy of 0.007%, numerical credence is given to the theoretical claim that the continuum ambiguity exists.
The continuum ambiguity, which generally exists in the determination of the scattering amplitudes of an elastic scattering process above the inelastic threshold, was the subject of theoretical [l] and numerical [2] investigations during the 1970's. There was general consensus [3] that an inherent ambiguity does exist in energy-independent phase-shift analysis, so that energy-dependent analyses, for example those of the Hiihler group [4] , in which analytic properties of the amplitudes were used, are in most cases necessary. Nevertheless there has been a claim [S] that there is no effective ambiguity in energy-independent isospin i pion-nucleon phase-shift analysis below 2 GeV (CMS), and in particular that the implicit-function method [l] does not yield a true continuum ambiguity.
In earlier work, small changes in the measurables (cross sections and polarizations) were tolerated in the interests of computer time, on the grounds that they are in any case subject to experimental errors. Evidently the authors of ref. [S] have been misled by this fact into believing that the origin of the ambiguities in our amplitudes was the lack of precision in holding observables fmed.
It is the purpose of this letter, after directing the reader to the mathematical literature, so that she or he can judge it on its merits, to present new ambiguities, based on the 1997 MeV SACLAY data [2] , in which the #p data are kept to within IO-5 accuracy 0370-2693/84/$03.00 0 Elsevier Science Publishers B.V. (North-Holland Physics Publishing Division) (ridiculously small for experimental purposes), and the variations of the phases of the amplitudes for the ambiguities are in sone cases as large as I%-35%. For comparison a Wolfenstein parameter has been sketched for the various ambiguities (see below). Despite the size of the ambiguities, it should be remarked that the strength of inelastic unitarity in limiting the otherwise arbitrary angle-dependent phase of a physical quantity is quite impressive. A comparison of the predictions made in the 1976 continuum ambiguity analysis [2] , and the status of the A resonances according to the 1982 Particle Data Group listings [6] adequately vindicates the relevance of the approach.
The basic idea of the implicit-function method is to write the partial-wave inelastic unitarity relation, A,=A; +D; +11, 0)
where Dl and A, are respectively the real and imaginary parts of the partial-wave amplitudes, and where I, = :(I -r#) is the inelasticity (constrained to he in the interval [O,l,] ), in such a way that D, is an implicit function of A, and the experimentally measured differential cross section (do/da) and polarization (P). Thus (1) is construed as a functional equation, A, = $(A,daldS2,P,I).
The mathematical part of the work [7 ] consists in showing that the function @'I has suitable properties, such that, if A, and ZZ satisfy (2), then if we change ZZ, the inelasticity, by a small increment AZ,, a corresponding increment AA, exists, such that AZ+AA,=cP1(A+AA,da/d~,P,ZtAZ).
Note that da/da and P are unchanged, so we have generated an "ambiguity"; and since the AZ, may be chosen continuously, it is continuum ambiguity. One difficulty is that, when one alters ZZ, the Al are changed according to (3) and one may generate a "physically" unacceptable tail of high partial waves, an accusation that has been levelled [5] . Indeed, in the initial work [8] , in which no continuation into the complex case-plane was made, the objecction can be sustained. However, in later work [l] , analyticity in the cos &plane was guaranteed, in the spin Ospin 4 case most elegantly by using the Barrelet formalism [9] ., so that a tail of partial waves lying within the correct exponential bound is automatically generated. Any claim that the decrease in partial waves should be faster than this is unfounded, and should have no place in an unbiased analysis.
A complication is that zeros of a certain function related to the real part of the amplitude [l] , if they occur within the small Martin ellipse in the cos 0-plane, or the corresponding annulus in the Barrelet variable, lead to constraints on the ways in which the inelasticities may be changed. For every simple zero of this function in the annulus, AZ, in (3) is constrained for one Z-value; and one additional Z-value is constrained in order to keep the total cross section utot, which is experimentally measured, fmed. Hence we separate the ZZ into a constrained set Zc, and a free set If, replacing (3) by
Here AZ: are chosen freely, da/da, P and at,, are held fured, while AA, and AZ; are determined by (4) . The limits of the continuum ambiguity are determined by the requirement that all the ZZ lie in the interval [0, $1. We can choose the AZ{ such that the If never violate this requirement; but the AZ; are not under our control. The moment that one ZF leaves the allowed interval, the ambiguity terminates in that direction. The crucial point is that the number of the 362 Zc is finite, being equal to the number of zeros of the function related to the real part of the amplitude inside the small Martin ellipse, plus one for utot, so one can be sure whether or not the unitarity re 9 uirement is satisfied. Usually one changes only one ZZ at a time, and of course one ensures that Z; t AZ; E [0, $1.
In practice, the system (4) is converted into a Newton iteration for numerical work, and the unitarity condition on the finite set ZF can be easily checked. This is the main advantage of the implicit-function method over the procedure whereby one simply generates a new ambiguity by multiplying the amplitudes by a phase-factor [3] . This certainly leaves the measured quantities unchanged; but one then has in principle to check an infinite number of new inelasticities ZZ, to see if the unitarity condition is still respected. One can never be sure.
In the Newton iteration, when convergence is achieved, and this involves a good choice of the partial waves in ZC, and a good choice of the free inelasticity to be changed, then the final values of do/d!& P, and otot are essentially the same as their initial values. Small changes are caused by limitations of machine accuracy, as well as the choice of the point at which the partial-wave series is truncated and the criterion that signals convergence of the iteration. In earlier work, relatively small changes of the measured quantities were tolerated, on the grounds that these are in any case subject to experimental error. However, in view of the doubts cast on the ability of the method to generate true "theoretical" continuum ambiguities, we undertake below to generate substantial changes in the amplitudes, with completely insubstantial changes in the observables.
Because of the large number of degrees of freedom involved, an exhaustive exploration of an ambiguity patch is time consuming. We employed two methods. The first involves choosing beforehand a set of NC t 1 waves, where NC is the number of constrained inelasticities. One of these inelasticities is chosen to belong to Zr, and it is changed by a standard increment, AZf. The remaining NC waves belong to the constrained set, the Zr being changed automatically as the iteration proceeds. When convergence has been reached, to a preset criterion of accuracy, the program uses the results of the old iteration as a starting point for a new one. Singularities, such as failure of convergence of the iteration or exit of one Zf from the allowed interval [0, ',I , are dealt with automatically, Table 1 Phase shifts in radians for the original (SACLAY) solution, and for the five ambiguities A-E, I II G 6.
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Saclay A by a new choice of Z: from the chosen set of N, t 1 waves. A complete run consists of many such iterations, and an exhaustive search of the ambiguity patch at a given energy entails the combination of runs, corresponding to different choices of the Nc t 1 waves, each run starting from the same solution, labelled SACLAY 74, that was used in ref. [2] . Our second method, which is quicker but less thorough, involves performing a small number of convergent iterations with a given choice of the NC t 1 waves, and then ran- Table 2 Peripheral phase shifts for the ambiguities, 7 4 I II < 15.
domly choosing a new set of N, + 1 waves, and so on.
In table 1 we display the phase shifts, 6,) IZIG 6, corresponding to the SACLAY 1974 analysis at 1997 MeV, together with five examples from the continuum ambiguity patch, labelled A, B, C, D and E. Notice that the S wave varies from -1.025 in ambiguity C to -1.086 in E. Other waves also show remarkable variations.
In table 2 we give the peripheral waves up to 111 = 15. In the SACLAY solution the peripheral waves Table 3 Elasticities for the original (SACLAY) solution, and for the ambiguities, 1 II < 6. (7 < 111< 15) vanish, but in the ambiguities they have been retained. Their values range from -10-2 to -10-7, but, as we have remarked above, there is no justification for forcing these waves to be zero, given the exponential convergence of the partial wave series caused by our method of constructing the ambiguities. This tail of peripheral waves is of course essential in keeping da/da, P and utot constant, despite the considerable changes in the lower waves of the ambiguities in table 1.
A glance at table 2 shows that the values of the high waves vary enormously from one ambiguity to another. Nevertheless, careful observation reveals certain regularities. In particular, for each ambiguity one finds that the I+ waves oscillate in sign as 1 runs from 6 to 15, the effect being largest for ambiguity E, which differs most from the SACLAY 74 starting point. A similar, but less clear signal is seen in the Iwaves. This effect is due to singularities outside the small Martin ellipse, which are generated by our method. Such singularities are of course present in the particular process under consideration: the nucleon pole in the u-channel dominates the physical peripheral waves, and causes oscillations similar to what we observe. Although we do not control the singularities generated, the high partial waves of table 2 do mimic the correct oscillating behaviour. Notice also that the high partial waves for ambiguity E are (in general) Table 4 Differential and total cross sections for the SACLAY solution, and the differences between them and those for the ambiguities. The differences should be multiplied by 10m5. In table 3 we display, for (I1 < 6, the values of the elasticities, ql, related to the II by
for the SACLAY solution and for our ambiguities.
Here the nz are restricted to lie in the interval [O,l] , with v1 = 1 or II = 0 corresponding to complete elasticity. As can be seen from the table, for 111 < 6, most elasticities have been changed, and in some cases no and r,rr 1 deviate by as much as -13% -+28% from the SACLAY values. The higher waves (7 d I ZIG 15) in all the ambiguities were completely elastic. Some of these elasticities could have been altered in runs of our program; but the effect on the lower partial waves would have been very small. It is the freedom that the high-l tail has to wag about within the allowed exponential bound that gives rise to the continuum ambiguity.
A serious conceptual error has been made by those who insist that the very high partial waves, which are not well determined by the data, should be set equal 
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to zero. Such a procedure gives only one point in the continuum patch; and this may well lie, in particular cases, quite far from the physically correct solution, even in so far as the S and P waves are concerned. Finally, we examine the degree of accuracy with which the ambiguous solutions reproduce the experimental data. In table 4 we give the differential cross section, do/dS2, as a function of cos 0, and the total cross section, utot, for the SACLAY solution, together with the deviations from these values for the five ambiguities. The polarization is displayed in a similar way in table 5 . We see that in most cases the total cross section changes by less than one part in 105, and the differential cross sections and polarizations by never more than -2 parts in 105, and usually by less.
Summarizing, we have created an uncertainty of the order of 5% in the magnitude of the lowest partial waves. Fig. 1 shows the arguments of the SACLAY solution and the five ambiguities, while fig. 2 plots the positions of the different cases in the complex plane of F(c) (the scattering amplitude in terms of the Barrelet variable [9] , t). As can be seen, IF({)1 is constant. Finally, in fig. 3 , we plot the Wolfenstein parameter R , which is experimentally, but not easily, accessible. The ambiguity patch can be made smaller by measuring R, but a phase ambiguity always remains [IO] .
